A hybrid reduced-order model for the aeroelastic analysis of flexible subsonic wings with arbitrary planform is presented within a generalised quasi-analytical formulation, where a slender beam is considered as the linear structural dynamics model. A modified strip theory is proposed for modelling the unsteady aerodynamics of the wing in incompressible flow, where thin aerofoil theory is corrected by a higher-fidelity model in order to account for three-dimensional effects on both distribution and deficiency of the sectional air load. Given a unit angle of attack, approximate expressions for the lift decay and build-up are then adopted within a linear framework, where the two effects are separately calculated and later combined. Finally, a modal approach is employed to write the generalised equations of motion in state-space form. Numerical results were obtained and critically discussed for the aeroelastic stability analysis of a uniform rectangular wing, with respect to the relevant aerodynamic and structural parameters. The proposed hybrid model provides sound theoretical insights and is well suited as an efficient parametric reduced-order aeroelastic tool for the preliminary multidisciplinary design and optimisation of flexible wings in the subsonic regime.
Introduction
Efficient aeroelastic methods and tools [1] based on reduced complexity are increasingly sought for the preliminary multidisciplinary design and optimisation (MDO) [2, 3] of flexible aircraft and unmanned air vehicles (UAV). Smart optimisation strategies and algorithms [4] still rely on effective and robust simulations, where the relevant aeroelastic issues and behaviours [5, 6] are parametrically analysed in a large design variables space [7] . Fluid-structure interaction (FSI) [8] models coupling finite element methods (FEM) [9] and computational fluid dynamics (CFD) [10] have increasingly been proposed to enhance accuracy [11, 12] . However, these high-fidelity tools are computationally expensive [13, 14] and require special care [15, 16] to ensure that the correct physics are reproduced in their coupling [17, 18] , especially at all boundaries and interfaces [19, 20] . A large amount of time and efforts is then typically necessary for pre-processing the simulations and post-processing the results, which are key features for a reliable implementation of automated MDO routines [21] .
A hybrid reduced-order model (ROM) [22] [23] [24] [25] [26] for the aeroelastic analysis of subsonic wings in unsteady incompressible flow is presented here within a generalised quasi-analytical formulation. A modified strip theory (MST) is adopted for the aerodynamic load [27, 28] , tuned (TST) and standard (SST) strip theories being readily resumed for comparison [29] . Thin aerofoil theory is employed for calculating the unsteady air load around each flexible wing section [30] [31] [32] [33] [34] [35] , where the lift deficiency (1) where w CG = ζ − x CG ϑ is the vertical displacement of the inertial axis, whereas ∆L(y, t) and ∆M(y, t) are the sectional unsteady aerodynamic force (positive upwards) and pitching moment (positive clockwise), respectively. The virtual displacement being arbitrary, the bending and torsion virtual work separate and are integrated by parts twice in order to give the linear system of coupled PDEs for the dynamic aeroelastic equilibrium of wing bending and torsion as: 
ϑ
= −∆M (2) which are consistently completed by both geometrical and natural boundary conditions as:
ϑ(0, t) = 0, ζ(0, t) = 0, ζ (0, t) = 0
Note that this standard problem formulation assumes an isotropic material and holds for swept wings too when a chordwise approach is employed [52, 69] ; if necessary, lumped masses, dampers or springs may easily be included using Dirac's delta function centred at their applicable location [27, 63] . For a slender composite wing, the anisotropic material exhibits different mechanical characteristics in different directions and the resulting elastic coupling between bending and torsion may then be included using the applicable constitutive law, with a more complex calculation of the structural stiffness but no conceptual changes in the overall aeroelastic problem formulation [51] .
Modal Solution Approach
Ritz's method [51] is employed and the beam displacement is then modally expressed as:
where the n ζ functions, ε i (t) and n ϑ functions η i (t) are the unknown generalised coordinates relative to the n ζ mode shapes φ i (y) for bending deformation and n ϑ mode shapes ϕ i (y) for torsion deformation, respectively. All mode shapes shall satisfy the geometrical boundary condition for clamped-free beams [63] and may be either assumed [53] or obtained from FEM eigen-analysis or vibrations tests [70, 71] . Unlike plate-like models (which require the clamping of the wing root along its entire chord [64] ), beam-like models allow a linear torsion mode.
Generalised Aerodynamic Load
Within the modal formulation, the generalised unsteady sectional air load is implicitly given as: 
Provided that the effect of the unsteady downwash is included in the indicial function for the wing load development [72] , it can be reasonably assumed that steady effects on the spanwise lift distribution due to the wing-tip vortices and unsteady effects on the chordwise lift build-up due to the travelling wake may be considered separately and eventually assembled in a quasi-steady sense [28] ; of course, the slower the wing motion (with respect to the aircraft speed) and the higher the aspect ratio, the more accurate the assumption [73] . MST is hence proposed as a physical ROM [27] for calculating the generalised unsteady aerodynamic load, where the lift distribution and evolution are independently combined a posteriori. Note that MTS holds also for compressible flows around arbitrary wings, as long as the coupling between both three-dimensional and compressible effects remains weak and the appropriate indicial functions are employed for the different types of wing motion [5, 48, 52, 74] .
Unsteady Modified Strip Theory
According to thin aerofoil theory for incompressible flow [75] , the non-circulatory aerodynamic force and moment of each wing section act at its mid-chord (MC), whereas the circulatory ones act at both its aerodynamic centre (AC, where the pitching moment is independent of the angle of attack [76] ) and its control point (CP, where the non-penetration boundary condition for the inviscid flow is imposed and the fluid-structure interaction hence enforced [33] ). The AC and CP positions x AC (y) and x CP (y) falling at the first and last quarters of the chord [5] , respectively, the sectional unsteady aerodynamic force and pitching moment due to the wing motion read as [30, 54] :
..
where all terms involving the lift derivative C L/α are of a circulatory nature, whereas all others are of a non-circulatory nature and include apparent inertia effects. Here, U and ρ are the speed and density of the reference airflow, w AC = ζ − x AC ϑ, then w MC = ζ − x MC ϑ and w CP = ζ − x CP ϑ are the instantaneous vertical displacements of AC, MC and CP, respectively, while W(t) is the equivalent of Wagner's indicial-admittance function for the circulatory lift build-up due to a unit step in the angle of attack [30] ; additional terms appear in the presence of sweep [69] or ailerons [33] (included by means of Heaviside's step function [52, 77] centered at the applicable location). Due to its own motion, each wing section experiences an effective instantaneous angle of attack α e (y, t) induced by the net vertical flow velocity V(y, t), namely [30, 54] ,
starting from an initial (rest) condition. Adopting the lift-curve slope C L/α = 2π for a flat aerofoil [78] , note that Wagner's and Theodorsen's formulations [30, 33] represent a physical ROM in itself, where the load contribution from small chordwise deformations is neglected and only the pitch and plunge rigid modes are retained from Peters' general formulation for a morphing aerofoil [65, 79] . Within MST [27] , the scaling function κ(y) is introduced in order to account for the span-wise influence of the wing-tip vortices on the sectional air load [37, 38, 80] and it is consistently derived from Kutta-Joukowsky's theorem [81, 82] based on the steady lift distribution as:
where Γ(y) is the steady circulation distribution and is Oswald's efficiency factor [83] , which embeds the downwash effect. In fact, MST considers the airflow around each wing section as quasi-independent, whereas TST treats it as fully independent and a global scaling factor is then applied to the wing lift; SST disregards all three-dimensional effects and is obtained for the limit of infinitely slender wings, with Wagner's function giving the lift-deficiency [30] .
When the scaling function is based on lifting line theory (LLT, of which SST is the forcing term [27] ; see Appendix A), MST may be regarded as a quasi-unsteady ROM for the unsteady LLT [84] [85] [86] ; yet, the overall tuning concept is completely general [87, 88] and such a function may then be derived based on the steady lift distribution obtained from any appropriate source [89] [90] [91] [92] [93] [94] [95] [96] [97] [98] , such as the vortex lattice method (VLM) [36] , DLM [99] , CFD [100] or experiments. In all cases, the proposed correction applies only to the circulatory load development of each wing section, whereas the non-circulatory load has an impulsive nature and remains uncorrected for three-dimensional effects [42, 52] . From a theoretical point of view [80] , the scaling function depends on both flow conditions and actual wing geometry, which in turn, depends on the total applied load and is not known a priori for flexible aircraft. In the presence of small deformations, the scaling function may be calculated for the undeformed wing only and then consistently used for the deformed wing [27] ; furthermore, a unit angle of attack may be assumed without loss of generality when linear aerodynamic methods are used [5] . In the presence of large deformations [101] or in the case of non-planar wings [102] , the scaling function would also include the geometrically nonlinear effects of the wing curvature on the local load; thus, the flying wing shape and actual angle of attack shall be considered, especially when nonlinear aerodynamic methods are used. However, note that a database of steady lift distributions may be available from previous aerodynamic design studies and also parametrically approximated in order to boost the overall design process efficiency via multi-fidelity surrogate models [103, 104] . The calculated scaling function may then be approximated with Prandtl's expansion [56] as:
where the n κ coefficients can be obtained via either Fourier integrals or curve-fitting directly [105] ; this scaling function would also apply to wind gust loading, regardless of the penetration effect [31] . Contrary to LLT, note that the proposed MST inherently prevents projection of all the structural modes on each of the assumed aerodynamic mode, thus reducing the problem size n κ times [27] .
Added Aerodynamic States
For two-dimensional unsteady incompressible potential flow, Wagner's lift-deficiency function accounts for the inflow generated by the travelling wake of a flat aerofoil [30, 61] ; it may be obtained from Theodorsen's function [33] and vice versa, due to reciprocal relations [106, 107] and analytical continuation in the Laplace domain. For three-dimensional flow, the lift-deficiency function includes the unsteady downwash of the trailed wing-tip vortices [39] and is approximated for computational convenience with a series of exponential terms in the reduced time τ domain [108] (i.e., a series of rational terms in the reduced frequency k domain [109] ), namely,
where all coefficients are obtained by best-fitting the reference curve for the specific wing shape with the exact constraint W 0 = lim τ→0 W [105] , whereas c is a reference chord (e.g., the wing root chord).
In the case of SST, A 1 = 0.165 with B 1 = 0.0455 and A 2 = 0.335 with B 2 = 0.3 are commonly used [39] ; two approximation terms are also typically sufficient for wings of industrial interest [110] and an added aerodynamic state υ(y, t) is hence introduced which evolves according to the linear ODE:
Note that the concept of indicial-admittance function is completely general [5, 48, 111] and the reference curve may be obtained from any appropriate analytical or numerical source, such as DLM [99] , CFD [112, 113] or experiments; still, when the lift-deficiency function is based on unsteady LLT (see Appendix A), MST may indeed be regarded as a quasi-unsteady ROM. From a theoretical point of view, the indicial aerodynamic function also depends on both flow conditions and actual wing geometry; therefore, the very same comments and assumptions as for the scaling function of the lift distribution apply. The lift-deficiency function may be calculated for the undeformed wing and then consistently be used for the deformed wing; a unit angle of attack step may be assumed without loss of generality whenever linear aerodynamic methods are used [5] . In fact, a database of lift-deficiency functions may be available from previous flight dynamics studies and parametrically approximated in order to significantly accelerate the overall design process [103, 104] . Accounting for the penetration effect [31, 35] , the very same methodology and considerations would also apply to wind gust loading, due to linearity.
Unsteady Air Load
The generalised unsteady aerodynamic load per unit span now reads in the state space as:
and can also be expanded in terms of the assumed modal base as ∆L =
; therefore, taking advantage of linear superposition, the modal unsteady air load
and the added states υ ε i (t), υ η i (t) are also eventually found in terms of the generalised coordinates, with each resulting term of strip theory projected onto the mode shapes φ i and ϕ i , respectively.
Analytical Aeroelastic Analysis
By substituting the modal expansions in the PVW, the aeroelastic equilibrium PDEs eventually become a linear system of ODEs for the generalised coordinates, namely [114] :
with generalised structural mass M s , damping C s and stiffness K s matrices, aerodynamic load vector F a (t), aerodynamic mass M a , damping C a and stiffness K a matrices, all depending on the wing shape and properties; χ(t) is the unknown vector of generalised coordinates (including added aerodynamic states), which drives the aeroelastic dynamic response. It is worth noting that a change of variables is always possible, as long as a rigorous transformation matrix can be defined and all aero-structural matrices are then consistently projected onto the new modal base [51, 79] . The aeroelastic response and stability analysis of the subsonic wing are then governed by:
respectively, or their equivalent first-order forms [114] :
where M = M s − M a , C = C s − C a and K = K s − K a are the generalised aeroelastic mass, damping and stiffness matrices, which depend parametrically on the aircraft speed. In particular, flutter occurs at the lowest flow speed U F , hence the real part of at least one of the complex eigenvalues λ i becomes positive (i.e., the aeroelastic dynamic behaviour becomes unstable through a Hopf bifurcation [55, 66] , where a couple of conjugate eigenvalues cross the imaginary axis and leave the response undamped for unsteady flow), two or more generalised aeroelastic modes coupling at the flutter frequency f F . Note that real and imaginary parts of the complex eigenvalue are related to the effective modal damping and vibration frequency of the wing [115] , respectively, with its natural vibration modes being correctly recovered in the absence of air [51, 68] . Finally, the static divergence speed is the lowest flow speed U D making at least one of the eigenvalues cross the imaginary axis on the real axis, and then, the aeroelastic stiffness matrix and static response become singular [55, 66] (i.e., structural and aerodynamic forces do not find a stable equilibrium for steady flow).
Numerical Aeroelastic Analysis
The commercial aeroelastic solver Nastran [46] was here used as the full-order model (FOM), following the good practice shown in the chapter, "Dynamic Aeroelastic Response Analysis" of the Aeroelastic Analysis User's Guide [116] . A beam-like FEM and a lifting-surface DLM were built and coupled via splines interface [117] for transferring both loads and displacements, resulting in the numerical aeroelastic model. Note that the latter needed to be re-generated for each and every case to be parametrically investigated, including pre-processing and post-processing.
The beam was modelled using CBEAM elements and RBE2 rigid elements were added to each finite element node in order to support splining; the node lying at the wing root was then clamped. The aerodynamic lifting surface was aligned with the freestream and modelled as a flat plate divided into an appropriate number of CAERO panels placed along the wing span and chord. The RB2 elements were designed to match the leading and trailing edge of the aerodynamic surface and provide a natural support for splining; in particular, surface splines SPLINE1 were used and the infinite plate spline (IPS) [118] was selected among the available options.
For the natural vibration analysis, shear deformation was neglected and Rayleigh beam theory [68] was used, with PBEAM defining the properties (i.e., inertia and stiffness) of the beam element and SPC1 defining the single-point constraint for the clamped root. The vibration analysis was then performed using Lanczos' method [119] , which was among those available in EIGRL, normalising the modes to unit values of the generalized mass.
For the aerodynamic analysis, the matrix of complex aerodynamic influence coefficients (AIC) [44] was generated (in the physical space) at several reduced frequencies specified in MKAERO1; which includes coupling terms between unsteady wake inflow, vortices downwash, fluid compressibility and apparent inertia, as the DLM is formulated for subsonic potential flow [114] . Load symmetry with respect to the vertical plane was always imposed at the wing root. Well-established guidelines on results accuracy and robustness relate the highest reduced frequency to the number of panels placed along the chord [120] ; no additional correction [121] was implemented.
For the steady aerodynamic load analysis and scaling function derivation, a unit angle of attack was specified for the clamped rigid wing in TRIM. Taking advantage of SPLINE2, the strip-wise normal force and pitching moment coefficients (at the strip leading edge) distribution was finally obtained along the wing span using the straightforward MONCNCM.
For the unsteady aerodynamic load analysis and lift-deficiency function derivation, the plunge motion was released to impose a unit step change in the angle of attack. The latter was prescribed as a time-dependent dynamic excitation in TLOAD1, in terms of an enforced velocity motion in SPCD, within the framework of a transient response analysis; the full-time history of the dynamic excitation (i.e., a positive square wave followed by an equal and opposite one) was specified in TABLED1. A very stiff scalar spring element was then defined at the EA root in CELAS2, in order to avoid any significant vertical displacement of the rigid wing resulting from the imposed dynamic excitation; a rigid-body spline SPLINRB was used for interpolating the spring motion and forces. The dynamic excitation is automatically Fourier-transformed and the transient response problem is solved in the frequency domain, based on the frequency range and resolution specified in FREQ1. Fourier inverse transform is then used to obtain the solution back in the time domain, using the time-step interval specified in TSTEP. The wing lift was monitored at the EA root, where the stiff spring was located.
For the static aeroelastic divergence analysis, two different yet still equivalent approaches were adopted: a complex eigenvalue analysis using Lanczos' block method [119] as defined in EIGC with Mach numbers specified in DIVERG, a dynamic aeroelastic divergence analysis at zero frequency.
For the dynamic aeroelastic divergence analysis, the p-k method [122] as available in FLUTTER was used with a non-iterative frequency-sweeping technique, where the unsteady AIC matrix is first projected onto the modal space and mode-tracking is then performed via the eigenvectors correlation matrix. Note that the p-k method uses only real matrix terms for computing the flutter solution [114] , meaning that any imaginary terms in any of the matrices are ignored and the imaginary part of the AIC matrix is added as a real matrix to the viscous damping matrix. Finally, flutter analyses were also performed with two-dimensional aerodynamics (PAERO4 and CAERO4) for direct validation.
Results and Discussion
Goland's wing [123, 124] was considered first, since it is widely used as a fundamental reference for validation as well as an ideal prototype for investigating new methods and concepts. It is a flat thin uniform rectangular cantilevered wing with c = 1.829 m and l = 6.096 m; the wing root is clamped at its elastic axis with stiffness EI = 9,772,200 Pa·m 4 and GJ = 987,600 Pa·m 4 at 33% of the wing chord, while the inertial axis with mass m = 35.72 kg/m and µ ϑ = 7.452 kg·m lays at 43% of the latter. The wing is aligned with the horizontal reference airflow, which is assumed to be incompressible [123] ; then the aerodynamic center and control point are consistently at 25% and 75% of the wing chord, respectively. Goland's wing exhibits the prototypical flutter mechanism coupling its fundamental bending and torsion modes, the uncoupled natural vibration frequencies of which were found at f ζ = 7.9 Hz and f ϑ = 13.9 Hz, respectively, as expected [125] . Figure 1 shows the evolution with the airspeed of the real and imaginary parts of the relative complex eigenvalues calculated by the hybrid ROM, using unsteady SST with Wagner's function approximation [39] for the aeroelastic stability analysis in a standard atmosphere at sea level (ρ = 1.225 kg/m 3 [126] ). Due to the torsion mode becoming unstable and extracting energy from the coupled bending mode, flutter is found at U F = 137.4 m/s and f F = 11.1 Hz, which is in excellent agreement with previous results [123] [124] [125] [126] [127] [128] ; then, the flutter Mach number M F = 0.40 confirms that the incompressible flow was correctly assumed [129] . When using unsteady MST for the aeroelastic stability analysis at about 6100 ft altitude (ρ = 1.02 kg/m 3 [126] ), flutter is found at U F = 163.7 m/s and f F = 11.3 Hz, which is still in remarkable agreement with the existing results [130] . In this case, five sinusoidal and two exponential terms were respectively employed to approximate the lit distribution and build-up as obtained by Nastran's DLM [45] with a grid of 48 spanwise and 12 chordwise panels and 14 reduced frequencies in the range 0 < k < 0.8, which largely covers the reduced flutter frequency. In all cases, employing the first two bending and torsion modes (correctly found at f 1 = 7.7 Hz, f 2 = 15.2 Hz, f 3 = 38.8 Hz, f 4 = 55.3 Hz, also when using Nastran's FEM [46] ) granted convergence of the aeroelastic stability analysis [130] . [ ]
h TR (20) ranging from relatively low to relatively high values in order to investigate their physical role and influence on structural dynamic, aerodynamic and aeroelastic behaviours of the flat wing. This is particularly useful in multidisciplinary optimisation studies for preliminary design [7] .
Structural FEM and Aerodynamic DLM for Numerical Simulations
A discrete aeroelastic model was built and used in Nastran for every configuration, based on rigorous convergence studies (not shown) on the aeroelastic results. Table 1 presents the selected number of nodes and elements of the structural FEM along with the number of spanwise and chordwise panels of the aerodynamic DLM. Figure 2 shows structural FEM and aerodynamic DLM arrangements for all wings with 6 AR = , as an example: the wing EA is clamped at the root mid chord, while the RBE2 elements realise the wing torsion and transfer the chordwise pressure loads. Following Goland's concept, a flat rectangular cantilevered wing of uniform material and chord c = 1 m is now considered; the wing root is still clamped at the elastic axis. Flexural and torsional stiffness of the wing are respectively given by [67] :
for the rectangular cross-section of the beam-like model, where h(y) is the section thickness, while the mass and second moments of inertia per unit area read [67] :
where ρ s (y) is the material density. Both elastic and inertial axes coincide with the symmetryŷ axis, namely x CG = x MC = 0 m; x AC = −0.25 m and x CP = 0.25 m for incompressible flow [33] . Neglecting structural damping without loss of generality, divergence speed, flutter speed and flutter frequency are parametrically investigated with respect to both aspect and thickness ratios for a uniform wing, considering ρ s = 2700 kg/m 3 , E = 70 9 Pa and ν = 0.35 as in previous studies [131] . Nine aeroelastic configurations resulted from combining three aspect and thickness ratios, namely:
ranging from relatively low to relatively high values in order to investigate their physical role and influence on structural dynamic, aerodynamic and aeroelastic behaviours of the flat wing. This is particularly useful in multidisciplinary optimisation studies for preliminary design [7] .
A discrete aeroelastic model was built and used in Nastran for every configuration, based on rigorous convergence studies (not shown) on the aeroelastic results. Table 1 presents the selected number of nodes and elements of the structural FEM along with the number of spanwise and chordwise panels of the aerodynamic DLM. Figure 2 shows structural FEM and aerodynamic DLM arrangements for all wings with AR = 6, as an example: the wing EA is clamped at the root mid chord, while the RBE2 elements realise the wing torsion and transfer the chordwise pressure loads. 
Natural Vibration Modes
In the case of uniform beams, the exact natural vibration mode shapes and frequencies are well known for both bending and torsion as [51, 52] : (22) and form the modal base for the analytical model and generalised solutions. Figure 3 shows the first four FEM modes for the wings with 6 AR = , whereas Figure 4 shows the first two bending and torsion exact modes (which hold for all aero-structural configurations). Table 2 shows the typology of both FEM and the exact natural vibration modes, independent of the thickness ratio. The relative natural frequencies do depend on the latter and are shown in Figure 5 , where exact agreement is found between numerical and analytical results: this cross-validates both and demonstrates that FOM and ROM are equivalent as far as structural dynamics are concerned. Following the generation of the panels, the unsteady AIC matrix was calculated at 14 reduced frequencies 
In the case of uniform beams, the exact natural vibration mode shapes and frequencies are well known for both bending and torsion as [51, 52] :
and form the modal base for the analytical model and generalised solutions. Figure 3 shows the first four FEM modes for the wings with AR = 6, whereas Figure 4 shows the first two bending and torsion exact modes (which hold for all aero-structural configurations). Table 2 shows the typology of both FEM and the exact natural vibration modes, independent of the thickness ratio. The relative natural frequencies do depend on the latter and are shown in Figure 5 , where exact agreement is found between numerical and analytical results: this cross-validates both and demonstrates that FOM and ROM are equivalent as far as structural dynamics are concerned. Note the switch between bending and torsion in the second, third and fourth modes for wings with 8 AR = , since the natural frequency of the bending modes decreases more rapidly than that of the torsion modes with an increase in the wing span.
Steady and Unsteady Air Load
The air load steady distribution and unsteady evolution were calculated by the DLM with a unit angle of attack for the undeformed wings and then approximated to derive the analytical ROM. As the subsonic DLM formulation inherently tends to infinity at the start of the indicial response for the case of incompressible flow [5] (where the exact solution exhibits a Dirac delta), the initial value was then set as the theoretical one for the circulatory contribution (see Appendix A). As shown in Figure 6 , the first 5 (odd) sinusoidal terms granted excellent approximation of the (symmetric) normalised lift distribution, whereas 2 exponential terms gave an excellent approximation of the lift-deficiency function due to a unit step in angle of attack; still, the three-dimensional coupling between unsteady wing-tip downwash and wing-wake inflow is only enforced a posteriori in the MST-based ROM. Note the switch between bending and torsion in the second, third and fourth modes for wings with AR = 8, since the natural frequency of the bending modes decreases more rapidly than that of the torsion modes with an increase in the wing span.
The air load steady distribution and unsteady evolution were calculated by the DLM with a unit angle of attack for the undeformed wings and then approximated to derive the analytical ROM. As the subsonic DLM formulation inherently tends to infinity at the start of the indicial response for the case of incompressible flow [5] (where the exact solution exhibits a Dirac delta), the initial value was then set as the theoretical one for the circulatory contribution (see Appendix A). As shown in Figure 6 , the first 5 (odd) sinusoidal terms granted excellent approximation of the (symmetric) normalised lift distribution, whereas 2 exponential terms gave an excellent approximation of the lift-deficiency function due to a unit step in angle of attack; still, the three-dimensional coupling between unsteady wing-tip downwash and wing-wake inflow is only enforced a posteriori in the MST-based ROM. Note the switch between bending and torsion in the second, third and fourth modes for wings with 8 AR = , since the natural frequency of the bending modes decreases more rapidly than that of the torsion modes with an increase in the wing span.
The air load steady distribution and unsteady evolution were calculated by the DLM with a unit angle of attack for the undeformed wings and then approximated to derive the analytical ROM. As the subsonic DLM formulation inherently tends to infinity at the start of the indicial response for the case of incompressible flow [5] (where the exact solution exhibits a Dirac delta), the initial value was then set as the theoretical one for the circulatory contribution (see Appendix A). As shown in Figure 6 , the first 5 (odd) sinusoidal terms granted excellent approximation of the (symmetric) normalised lift distribution, whereas 2 exponential terms gave an excellent approximation of the lift-deficiency function due to a unit step in angle of attack; still, the three-dimensional coupling between unsteady wing-tip downwash and wing-wake inflow is only enforced a posteriori in the MST-based ROM. Note that a parametric database of steady lift distributions and unsteady lift evolutions results from the DLM simulations, which may then analytically be approximated and form an aerodynamic ROM where all curve-fitting coefficients are generally expressed as function of the wing AR [132] .
Divergence and Flutter Analysis
The dependence of the divergence speed, the flutter speed and frequency on aspect and thickness ratios were then investigated. Figure 7 shows both divergence and flutter speeds as calculated by the aeroelastic models when SST is employed for the unsteady aerodynamics and exact agreement is found between the numerical and analytical results. The same is true for the related flutter frequency and reduced frequency shown in Figure 8 , which cross-validate both numerical and analytical results. As further proof of the rigorous validation, note that the results for the divergence speed exactly reproduce the theoretical solutions derived in previous studies [27] . Figure 9 shows both divergence and flutter speeds as calculated by the aeroelastic FOM and ROM when MST and DLM are employed for the unsteady aerodynamics, respectively; excellent agreement is found between numerical and analytical results, with no appreciable difference in the divergence speed. In spite of the DLM compressible formulation, very good agreement is also found for the related flutter frequency and reduced frequency shown in Figure 10 , where the discrepancy decreases with increasing the wing aspect ratio as the flow becomes progressively two-dimensional and quasi-steady; thus, coupling between apparent fluid inertia, tip-vortices downwash and wake inflow becomes gradually weaker and differences between FOM and ROM reduce accordingly. Note that a parametric database of steady lift distributions and unsteady lift evolutions results from the DLM simulations, which may then analytically be approximated and form an aerodynamic ROM where all curve-fitting coefficients are generally expressed as function of the wing AR [132] .
The dependence of the divergence speed, the flutter speed and frequency on aspect and thickness ratios were then investigated. Figure 7 shows both divergence and flutter speeds as calculated by the aeroelastic models when SST is employed for the unsteady aerodynamics and exact agreement is found between the numerical and analytical results. The same is true for the related flutter frequency and reduced frequency shown in Figure 8 , which cross-validate both numerical and analytical results. As further proof of the rigorous validation, note that the results for the divergence speed exactly reproduce the theoretical solutions derived in previous studies [27] . Figure 9 shows both divergence and flutter speeds as calculated by the aeroelastic FOM and ROM when MST and DLM are employed for the unsteady aerodynamics, respectively; excellent agreement is found between numerical and analytical results, with no appreciable difference in the divergence speed. In spite of the DLM compressible formulation, very good agreement is also found for the related flutter frequency and reduced frequency shown in Figure 10 , where the discrepancy decreases with increasing the wing aspect ratio as the flow becomes progressively two-dimensional and quasi-steady; thus, coupling between apparent fluid inertia, tip-vortices downwash and wake inflow becomes gradually weaker and differences between FOM and ROM reduce accordingly. As expected, the SST-based results are more conservative than the MST-based ones, as in the latter case the aerodynamic load builds up but also decays more rapidly towards the wing tip, which is the softer area. Indeed, the resulting bending moment at the wing root is lower in the MST-based cases. Note that both divergence speeds and flutter frequency consistently decrease with decreasing the thickness ratio and increasing the wing aspect ratio; yet, the reduced flutter frequency increases with a decrease in the thickness ratio, as the decrement in the flutter speed is higher than that in the flutter frequency along this dimension of the design variables space. It is also notable that all reduced flutter frequencies fall in the frequency range chosen for the numerical simulations.
The first 5 bending and torsion natural vibration modes granted ROM convergence in all cases. As the flutter phenomenon couples first bending and torsion, the switch between bending and torsion in the third and fourth modes for 8 AR = did not create discontinuity in the results; however, additional simulations showed that hump modes start to develop at higher aspect ratios and lower thickness ratios (i.e., when decreasing the stiffness), as also found in previous works [131] .
Conclusions
A computationally efficient hybrid ROM for the aeroelastic stability analysis of flexible wings in subsonic flow has been presented. A new modified strip theory was formulated where the unsteady aerodynamic load provided by thin aerofoil theory is corrected by a higher-fidelity model to account for three-dimensional downwash effects on both distribution and build-up of the sectional pressure forces. A slender beam model being coupled for the structural dynamics, the generalised aeroelastic equations were derived by means of the principle of virtual works and then solved using a modal approach that takes full advantage of the implicit projection concept embedded in the aerodynamic As expected, the SST-based results are more conservative than the MST-based ones, as in the latter case the aerodynamic load builds up but also decays more rapidly towards the wing tip, which is the softer area. Indeed, the resulting bending moment at the wing root is lower in the MST-based cases. Note that both divergence speeds and flutter frequency consistently decrease with decreasing the thickness ratio and increasing the wing aspect ratio; yet, the reduced flutter frequency increases with a decrease in the thickness ratio, as the decrement in the flutter speed is higher than that in the flutter frequency along this dimension of the design variables space. It is also notable that all reduced flutter frequencies fall in the frequency range chosen for the numerical simulations.
The first 5 bending and torsion natural vibration modes granted ROM convergence in all cases. As the flutter phenomenon couples first bending and torsion, the switch between bending and torsion in the third and fourth modes for AR = 8 did not create discontinuity in the results; however, additional simulations showed that hump modes start to develop at higher aspect ratios and lower thickness ratios (i.e., when decreasing the stiffness), as also found in previous works [131] .
A computationally efficient hybrid ROM for the aeroelastic stability analysis of flexible wings in subsonic flow has been presented. A new modified strip theory was formulated where the unsteady aerodynamic load provided by thin aerofoil theory is corrected by a higher-fidelity model to account for three-dimensional downwash effects on both distribution and build-up of the sectional pressure forces. A slender beam model being coupled for the structural dynamics, the generalised aeroelastic equations were derived by means of the principle of virtual works and then solved using a modal approach that takes full advantage of the implicit projection concept embedded in the aerodynamic scaling function. The proposed FSI ROM allows an arbitrary distribution of the wing's physical properties and calculates a continuous solution for displacements and loads, which is ideal for parametric optimisation studies over a large design space within aircraft preliminary MDO. Numerical results were obtained using MSC NASTRAN and then compared for both divergence speeds and flutter frequency of a flat rectangular homogeneous wing, given different aspect and thickness ratios. The presented results offer sound insight into the aeroelastic stability of flexible subsonic wings and thus, may be used to assess high-fidelity FOMs. The proposed hybrid modified strip theory demonstrated excellent accuracy at low computational costs with respect to the classic DLM and it is therefore suggested as a general and efficient aerodynamic ROM for the MDO of flexible wings in subsonic flow, especially at the preliminary stage where fast and robust semi-analytical aero-structural tools are highly sought for best computing performance.
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Appendix A. Lifting Line Models for Rectangular Straight Wings
Lifting line theory [56] accounts for the downwash angle induced by the tip vortex and is very powerful for slender straight wings. However, it is generally conservative as the distance between aerodynamic centre lines (where the bound circulation lays) and control points line (where the non-penetration boundary condition for the potential flow is enforced) is neglected when applying Helmholtz's theorem and Biot-Savart law [36] . Therefore, a correction [57] should be considered in the presence of a small aspect ratio.
The first three (odd) sinusoidal terms granted convergence of the (symmetric) normalised lift distribution shown in Figure A1 , where the lift-deficiency function due to a unit step in angle of attack is also shown. These analytical results show good agreement with the numerical ones and provide sound comparisons. Lifting line theory [56] accounts for the downwash angle induced by the tip vortex and is very powerful for slender straight wings. However, it is generally conservative as the distance between aerodynamic centre lines (where the bound circulation lays) and control points line (where the non-penetration boundary condition for the potential flow is enforced) is neglected when applying Helmholtz's theorem and Biot-Savart law [36] . Therefore, a correction [57] should be considered in the presence of a small aspect ratio.
The first three (odd) sinusoidal terms granted convergence of the (symmetric) normalised lift distribution shown in Figure A1 , where the lift-deficiency function due to a unit step in angle of attack is also shown. These analytical results show good agreement with the numerical ones and provide sound comparisons. Prandtl's equations for the sectional flow circulation Γ(y) and downwash angle α i (y) are generalised as [57, 58] :
respectively, where ζ is a dummy integration variable running along the wing span, whereas AR represents the ratio between the latter and mean chord for trapezoidal and elliptical planforms. This refined lifting-line model then gives a correct estimate of the downwash towards the wing root but underestimates the lift decay towards the wing tips, where VLM and DLM prescribe a stronger vortex effect. Inthis respect, note that tapering the wing increases the aspect ratio while decreasing the wing downwash and hence reduces the challenges to the MST [27] . Due to Glauert's integral (in principal value) [76] and being Γ(±l) = 0, adopting Prandtl's expansion for the circulation gives [56] :
and results in a modified system of linear algebraic equations for the lifting-line model [57, 58] :
where Prandtl's original equations [56] are asymptotically resumed for slender wings. Odd and even Fourier terms still give symmetric and antisymmetric circulation distributions, respectively; the n Γ coefficients Γ j are then found by solving such linear system in a least-squares sense [133] , on N wing sections at various spanwise stations y = l cos(ψ), with 0 ≤ ψ ≤ π running from tip to tip along the span. Note that Γ = 0 for c = 0, while the singularities at ψ = jπ can be lifted by multiplying both sides of the equation by sin ψ. Thus, the scaling function coefficients are derived from:
Oswald's efficiency factor [83] is finally used to write the lift coefficient derivative for the entire wing; the unified LLT [86] shall be employed for slender wings with significant sweep angle. Within a proper orthogonal decomposition (POD) perspective [26] , scaling function and aerofoil differential pressure coefficient distribution may be interpreted as the dominant (normalised) modes of the load in the spanwise and chordwise directions, respectively, with the angle of attack driving their amplitude.
Appendix A.2. Unsteady Lift Development
For finite wings, the influence of the tip vortices on the unsteady lift distribution along the wing span may be calculated based on lifting line model as a function of the wing aspect ratio [29] (which introduces the dependency of the air load on the finite spanwise dimension) and the aerodynamic derivatives of the wing may be obtained from the ones of its airfoil section [39] .
As an effective, simplified approach, a single vortex-ring is considered for modeling the total (lumped) wing circulation [59] . The bound vortex is placed at the AC line, as per thin airfoil theory, while the wing-tip vortices are trailed parallel to the free-stream; a single CP for the total downwash is then consistently placed at the wing's root, where the flow's non-penetration boundary condition is satisfied. All vortex lines have the same (lumped) intensity and the shed vorticity travels towards infinity with half the reference speed from half the wing's root chord behind the control point, hence stretching the vortex-ring and increasing the wake length; when the wake eventually approaches infinity, its influence fades away and the steady condition is asymptotically obtained. The influence of both tip vortices and unsteady wake on the wing lift is therefore calculated using the simplest implementation of unsteady lifting line theory [84] [85] [86] and the load build-up is obtained as a function of the aspect ratio.
Considering all contributions due to bound, trailed and shed vortices of the vortex-ring, the wing lift-deficiency coefficientĈ 3D L/α (τ) from a unit step in the angle of attack is calculated based on Kutta-Joukowsky theorem and Biot-Savart law as [59] :
with the initial (step-like) and asymptotic (steady) behaviours respectively given by:
Garrick's approximation [106] of Wagner's function for thin aerofoil is correctly resumed in the limit of infinitely slender wing [30] . Nevertheless, due to the inherent limitations of the vortex-system employed, the initial and final values of the lift coefficient are not very accurate and shall rather be provided by other higher-fidelity sources, with a suitable general expression being [39, 83] :
where e is the elliptic integral giving the ratio of the semi-perimeter to the span for an elliptical planform with the same aspect ratio, whereas o = 0 only when Prandtl's original equations [56] are considered. Using linear mapping [77] , the lift-deficiency coefficient C 3D L/α (τ) from a unit step in the angle of attack may finally be approximated as:
where both asymptotic and initial conditions are automatically satisfied. It is worth stressing that this unsteady aerodynamic model was originally derived for slender wings with significant sweep angle and taper ratio [59] . Finally, in order to estimate the lift-deficiency function from a unit sharp-edge gust within the standard "frozen" approach [134] , that from a unit step in the angle of attack shall be multiplied by the ratio between Kussner's [31] and Wagner's functions (introducing the two-dimensional effect of the gust penetration); all wing sections encountering the gust at the same time, Kussner's function for thin airfoils is then automatically resumed in the limit of infinite wings. Note that this is roughly equivalent to convolving the lift-deficiency coefficient from a unit step in the angle of attack with a fictitious angle of attack derived from the Laplace transform of the ratio between Sears' [34, 35] and Theodorsen's functions (representing a delay function for the two-dimensional flow). Of course, the wind gust penetration delays the circulation growth and hence reaches the asymptotic (steady) lift. In the general case of swept wings [59] , the gust-entry delay relative to each section is geometrically known and shall also be considered in order to obtain the lift build-up due to a unit a sharp-edge gust normal to the reference airflow, which is purely circulatory and acts at the AC.
